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A typical section analysis is employed to provide an understanding of the fundamental mechanisms and lim-
itations involved in performing aeroelastic control. The effects of both articulated aerodynamic control surfaces
and induced strain actuators are included in the model. The ability of these actuators to effect aeroelastic con-
trol is studied for each actuator individually as well as in various combinations. The control options available
are examined for single-input, single-output (SISO) and multiple-input, multiple-output (MIMO) classical and
optimal control laws. A state-cost-vs-control-cost analysis is performed to assess the effectiveness of optimal linear
quadratic regulator (LQR) control laws for different actuators and actuator combinations. The cost comparisons
show that strain actuation is an effective means of achieving aeroelastic control and a viable alternative to ar-
ticulated control surface methods. In addition, the advantages of using multiple actuators to avoid limitations
associated with single-actuator systems are demonstrated.

Introduction

IN order to enhance aircraft performance and ride quality, it is
desirable to control the lifting surfaces of aircraft using active

aeroelastic control. Several options exist for implementing aeroelas-
tic control schemes. Aeroelastic control may be effected by altering
the lifting forces acting on the wing through articulation of leading-
or trailing-edge control surfaces. Control may also be effected by in-
duced strain actuators, such as piezoceramics and electrostrictives,
which directly deform the structure through electromechanical cou-
pling terms that appear in the actuator constitutive relations.

A great deal of research has been performed over the past few
decades concerning the development and implementation of various
feedback control schemes that utilize articulated actuator systems.
Researchers have examined the fundamentals of traditional aeroser-
voelasticity using typical section models, simplified aerodynamics,
and classical control methods.1'2 More representative models and
modern control techniques have been applied to examine such prob-
lems as flutter suppression3"5 and gust alleviation.6 In addition,
topics such as model order reduction,7'8 multiple control surface
actuation,9 and aeroservoelastic tailoring optimization10 have been
studied.

In contrast to the above work, this paper also examines the use of
an alternative method of actuation. This technique involves the use
of induced strain actuators, which are regulated to apply forces and
moments on the lifting surface, in order to deform the wing and effect
dynamic aeroelastic control. Recently, induced strain actuation has
been shown to be effective for the static control of flexible lifting
surfaces. Earlier investigations identified the parameters involved in
effecting static aeroelastic control with strain actuators,11 examined
the use of strain actuators in conjunction with tailored composites,12

and demonstrated the static control effectiveness of strain actuation
for representative lifting surfaces.13

The actuator or combination of actuators selected has a direct
bearing on the effectiveness of the control system. Equally as im-
portant is the choice of sensors and output variables measured and
fed back to the controller. In order to choose the best combina-
tion of actuators and sensors for a particular lifting surface, it is
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essential to understand the fundamental mechanisms involved in
aeroelastic control and the advantages and inherent limitations of
such control systems. The objective of this study therefore is to
explore the fundamental elements involved in controlling dynamic
aeroelastic systems and to develop a method for consistently com-
paring various control schemes in order to assess the advantages
and limitations of each. In order to gain an understanding of the
basic physical aspects involved in dynamic aeroelastic control, a
two-degree-of-freedom typical section is employed. The forces and
moments produced by both induced strain actuators and conven-
tional articulated control surfaces are included in the typical section
model.

In this paper, the governing equations for the typical section with
induced strain and conventional actuators are derived. The plant
dynamics are examined, as are the feedback schemes associated
with the various possible state outputs and various possible con-
trol inputs for several types of control laws. Control schemes are
developed for single-input, single-output (SISO) and full state feed-
back multiple-input, multiple-output (MIMO) systems using both
classical and modern state-space techniques. These control laws are
compared and a closed-loop state-vs-control-cost analysis is per-
formed for various input combinations using solutions to the lin-
ear quadratic regulator (LQR) problem. The analysis reveals the
fundamental benefits and limitations of employing various control
schemes for aeroelastic control. The results obtained can be applied
to a wide variety of aeroservoelastic problems, such as flutter, vi-
bration suppression, gust alleviation, and low-frequency servo shape
control for maneuverability.

Typical Section Governing Equations
For many years, low-order models called typical sections have

been used to explain the fundamental mechanics of aeroelasticity.14

These sections capture the essential physical features and have prop-
erties representative of actual lifting surfaces. The geometry of the
typical section employed^ in this analysis is shown in Fig. 1. The
section is given plunge h and pitch a degrees of freedom and a
leading- and trailing-edge flap. The structural restraints in bending
and torsion appear at the elastic axis, and the disturbance to the
section is a time variation in the angle of attack <XQ.

The aerodynamics are found by adapting the incompressible
wing-aileron-tablifting surface results obtained by Theodorsen and
Garrick15 to a leading-edge flap-wing-trailing-edge flap lifting sur-
face via a coordinate transformation. Only the steady-state aerody-
namic terms are retained to simplify the initial examination of the
problem. A subsequent study incorporating unsteady aerodynamic
loads shows that the same fundamental principles hold whether
steady or unsteady aerodynamics are assumed.16 The aerodynamic
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Fig. 1 Typical section geometry with leading- and trailing-edge flaps.

forces and moments created by deflecting the leading-edge £ or
trailing-edge ft flap are modeled as forces and moments acting
at the elastic axis, so that the high-frequency dynamics associ-
ated with the flaps can be neglected. The typical section also in-
cludes a force F and a moment M acting at the elastic axis that
result from commands to the strain actuators. These are the equiv-
alent forces and moments acting on the typical section that develop
as a result of induced strain actuation. The equivalent forces and
moments are found by applying Bernoulli-Euler beam and Kirch-
hoff plate theory as done in Crawley and de Luis17 or Crawley and
Lazarus.11

Writing the equations in terms of nondimensional mass M, stiff-
ness K, forcing /, and disturbance d matrices in the normalized
Laplace domain p yields

M
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q = normalized dynamic pressure,
p = normalized Laplace variable, X/a)a

uh = normalized strain-actuated plunge force, Fb/Ka
ua = normalized strain-actuated pitch torque, M/Ka
up — trailing-edge flap deflection, f>
us = leading-edge flap deflection, £

and the remaining nondimensional variables are those usually em-
ployed in a typical section analysis.14 Note that the equivalent force
Uh and moment ua produced by the induced strain actuators are
normalized by the section torsional stiffness.

The characteristic equation for this two-degree-of-freedom sys-
tem is found by setting the right-hand side of Eq. (1) equal to zero:

0 -

[<%(! -qC,,.)] (2)

Equation (2) shows that the roots of the system (i.e., transfer func-
tion poles) are dependent on the section geometry, structural prop-
erties, and air speed but are independent of the actuation method.
Note that there is no structural or air damping modeled in the
system.

The transfer functions from the four control inputs (bending strain
actuation uh , torsion strain actuation ua , trailing-edge flap deflection

up, and leading-edge flap deflection u$) to the two output variables
(plunge h and pitch a) are given by

h 1 _ Rg [n(p)hh n(p)ha n(p)hp n(p)h^ 1
of J ~~ A(p) ln(p)ah n(p)aa n(p)ap n(p)^ J

uh
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where each element n^ (p} of this 2 x 4 matrix relation represents
the transfer function from one of the inputs to one of the outputs. The
zeros of each individual SISO transfer function are found by setting
each numerator w,-y- (p) to zero. The zero locations are dependent on
the section geometry and structural properties, as were the system
poles. For the case of plunge h measurement feedback, the individual
SISO transfer function zeros move rapidly with air speed. For the
case of pitch measurement a feedback, the zeros are not dependent
on air speed.

Alternatively, the governing equations [Eq. (1)] can be written in
a state-space representation as

x = Ax + Bu + Lcf0(p)
h
a
'h
a

uh
ua (4)

Typical Section Properties
As seen from Eqs. (2) and (3), the location of the system poles

and transfer function zeros are highly dependent on the geometric
and structural properties of the typical section. Therefore it is nec-
essary to choose some nominal parameters in order to proceed with
the analysis and control system design. The section properties cho-
sen were those at the three-quarter span of the aluminum induced-
strain-actuated test article described by Crawley and Lazarus.11 The
test article had a full span aspect ratio of 3.9 and a thickness-to-
chord ratio of about 0.51%. The resulting typical section is altered
to include 10% leading- and trailing-edge flaps; the elastic axis is
moved forward of the midchord by 10% of the chord so that flutter
occurs before static divergence. The resulting typical section has a
frequency ratio o)h of 0.2 and a mass ratio \JL of 20. Other relevant
section properties are listed in Table 1.
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Table 1 Nominal geometric and material properties of the
typical section

Parameter Symbol Value

Section geometry

Wing parameters

Steady aerodynamics coefficients

State cost matrix

Control cost matrix

a
xa
Ra
M

0)h

t/2b
L/b
Cia
CMU
Cip
CMp
CL*
CM,
Nhh
Naa
Rhh
Race
RPP

-0.2
0.2
0.25
20
0.2

0.51%
3.92
2n

1.885
2.487

-0.334
-0.087
-0.146

(1/0.406)2

(1/0.282)2

(1/0.0429)2

(1/0.0215)2

(1/0.0873)2

(1/0.0436)2

Knowledge of the system pole and zero locations is important for
determining the manner in which a system can be controlled and
is essential in designing SISO feedback control laws. In aeroelastic
systems, all of the pole and some of the zero locations are a function
of air speed Ua, which indicates that a control law appropriate at one
flight condition may not necessarily be appropriate at others. The
rate of zero movement and the propensity for the pole/zero pattern
along the imaginary axis to change (i.e., pole/zero flipping) is a
particular indicator of the potential nonrobustness of the closed-loop
control scheme.18 It is therefore interesting to observe the relative
and absolute movement of the system poles and the SISO transfer
function zeros as a function of air speed. Such a plot of the purely
oscillatory poles and zeros associated with plunge measurement
feedback is shown in Fig. 2. Notice the two poles coalesce at the
flutter point (E/a = 1.90). _

For the case of plunge h measurement feedback, all four of the
individual SISO transfer function zeros change with wind speed.
The SISO transfer function zeros associated with the bending strain
actuator w/, are at the torsional natural frequency a)a when the air
speed is zero. These zeros decrease quadratically to zero at the
divergence speed (Ua = 2.88). Likewise, the zeros associated with
the trailing-edge flap actuator up decrease quadratically with wind
speed to zero at the reversal speed (Ua = 2.40). The air speed
at which the frequency component of the individual SISO transfer
function zeros goes to zero is especially significant in the aeroelastic
control problem, since it is at this air speed that one of the zeros
becomes non-minimum phase (i.e., moves into the right half of
the Laplace plane). The presence of a non-minimum-phase zero
indicates a fundamental limitation on the amount of control that can
be applied to the system.19 The zeros associated with the torsion
strain actuator ua and leading-edge flap actuator u% also move with
air speed. The zeros in both of these SISO transfer functions increase
with air speed, as shown in Fig. 2.

The individual SISO transfer function zeros associated with pitch
a measurement feedback, which are independent of the air speed,
are not shown in Fig. 2. Examining Eq. (3), it can be seen that the
two zeros associated with the bending strain actuator Uh are always
at the origin and that the two zeros associated with the torsion strain
actuator ua are always on the imaginary axis at &>/,. In both cases
this places the zeros below the lower (plunge) pole of the system for
all nonzero air speeds. The zeros associated with the leading-edge
flap «£ and trailing-edge flap u$ actuators depend on <£>/, and the
aerodynamic influence coefficients and may be imaginary or real.
In the event they are real, once again one would be a non-minimum-
phase zero, indicating a limitation on achievable control.

Because of the significant movement of the system poles and
zeros as a function of air speed, it is necessary to choose specific
dynamic pressures to analyze the system and design feedback con-
trol schemes. Two air speeds are chosen and are indicated on the

Airspeed U

Fig. 2 Pole and individual SISO transfer function zero frequencies for
plunge measurement vs air speed Ua. —— system poles, x bending
strain control/plunge output, o torsion strain control/plunge output,
A trailing edge flap control/plunge output, + leading edge flap con-
trol/plunge output.

Im

Re

Fig. 3 Location of open-loop poles as function of nondimensional air
speed Ua. x Zero air speed poles, Ua = 0.00, Q design point 1,
Ua = 1.71, A flutter speed, Ua = 1-90, D design point 2, Ua = 2.00,
\\ reversal speed, Ua — 2.40, o divergence speed, Ua = 2.88.

pole locus plot in Fig. 3. The first speed is at about 10% below the
flutter velocity and is designated as design point \(Ua = 1.71). The
second is chosen at about 5% above the flutter velocity and is desig-
nated as design point 2(Ua = 2.00). Both design points are below
reversal and divergence. These speeds are chosen so that the con-
trol law designs are dominated by fundamental aeroelastic control
issues and are not complicated by factors such as aileron reversal or
static instabilities.

Single-Input, Single-Output Control
The combination of four actuator control inputs and two mea-

surement output variables allows for eight SISO feedback control
options to be considered. The transfer functions for the eight options
are defined by Eq. (3), and the locations of the poles and zeros are
illustrated graphically in Fig. 4 for the below-flutter design point
(Ua = 1.71). At this wind speed, all the poles lie on the imagi-
nary axis, indicating that each system is neutrally stable. Thus, the
control objective is to add damping to the modes of the system.20

Note that in each system there is a zero "missing" from between the
two poles (i.e., between the two system poles there is no zero). This
missing zero dictates that simple gain feedback, either displacement
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u = —gz or rate u — —pgz, will not stabilize the system (i.e., add
damping) for any value (or sign) of the gain g.

For the cases of pitch feedback to bending strain actuation o?/«/,,
pitch feedback to torsion strain actuation a/ua, and pitch feedback
to leading-edge flap actuation a/u^ the pitch mode can be stiffened
(the frequency of this pole increases), but no damping is added to
the closed-loop system (i.e., the poles do not move into the left half
of the Laplace plane). In all other cases, the closed-loop system
is destabilized (i.e., a system pole moves into the right half of the
Laplace plane) by displacement or rate feedback. Note also that the
pitch measurement to the trailing-edge flap actuator a/up transfer
function, a common conventionally used SISO loop, has a non-
minimum-phase zero at this air speed.

Since simple feedback does not produce stable closed-loop sys-
tems, other control schemes must be employed. The first option
is to place a sensor at some desirable point on the section so that
a stabilizing combination of the plunge and pitch output variables
are fed back to the actuator. The sensor placement relation can be
expressed as

y = h + xsa

^ 0 0] (5)

in state-space form. If the sensor can be placed in a position xs,
which places an SISO transfer function zero between the open-loop
poles, the system can be stabilized using rate feedback of the output
variable y. Equations (3) and (5) can be combined to give equations
for the four SISO transfer functions between any of the four control
inputs and the output measurement y. Setting the numerator of each
transfer function to zero gives an expression for each SISO transfer
function zero. The sensor position xs can then be found that yields the
desired SISO transfer function zeros for each method of actuation.
The sensor positions as a function of the desired zero locations for
the four actuation schemes are

for control

xs =
xap for ua control

- qCM,(\ - CMfCLJCLfl CMa )

for up control

for control (6)

By choosing xs such that the zero is between the poles, a stable
closed-loop system results, in principle, for rate feedback. However,
sensor placement will not work for all configurations or choices of
actuators in practice. This is because the sensor location needed for
stable feedback is sometimes found to be physically off of the typi-
cal section. For example, using the nominal typical section (Table 1)
and design point 1 (below-flutter) values, it is possible to find a stable
sensor location for each method of actuation (although this causes
a near pole-zero cancellation in the trailing-edge flap actuation case
y / u p ) . However, all of the stabilizing sensor locations are found to
be physically well off of the section at design point 2. Also, notice in
Eq. (6) that, if the desired zero locations are not complex-conjugate
pairs, the sensor position calculated will not be a real number.
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Fig. 4 Pole and zero locations for individual SISO input/output com-
binations at design point 1 (Ua = 1.71).

Full State Feedback Control
The problems associated with non-physical sensor placement so-

lutions can be eliminated by independently measuring the state
variables and feeding back combinations of them that yield stable
closed-loop systems. Using full state feedback is particularly advan-
tageous because control laws may be developed that utilize various
combinations of both the displacement and rate variables and are
not limited to combinations corresponding to locations physically on
the airfoil. Since full state feedback is not feasible in larger systems,
the effects of using output feedback are examined in a subsequent
analysis.16 This analysis shows that the use of output feedback does
not alter the qualitative results of this study.

The solution to the LQR problem generally provides for sta-
ble well-regulated closed-loop plants. Well-regulated closed-loop
plants have the desirable properties of relatively high damping and
good disturbance rejection, which satisfy the control objective of
the systems under consideration (i.e., add damping). The optimal
gains G for full state feedback can be found by solving the LQR
problem, which entails minimizing the scalar cost functional /:

-fJo
pu TRu)dt z = NX

(7)
In Eq. (7), Q is the penalty on the states and pR is the penalty on
the control inputs that combines a scale factor p and an actuator
weighting matrix R. The feedback gains are given by u == -Gx.
The gains represent the optimal combination of the states to be fed
back to each actuator. Note that the LQR solution yields a loop
transfer function, given by G<£B, which will always have the stable
alternating pole-zero pattern (although the zeros may not be on the
imaginary axis). This result holds for any air speed, state cost N, or
state control cost pR.

An interesting result is found in the case of "expensive" con-
trol, which implies a large control penalty (p goes to infinity) and
therefore small gains. An asymptotic analysis shows that the feed-
back gains are given by

(8)
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where v,- and iu/ are the right and left eigenvectors of A and the
superscript H indicates the complex-conjugate transpose.

For single-control-input systems, (Wj)Hb is a scalar, so the en-
tire quantity except for the last term wj1 is a scalar. Therefore, the
feedback gains are determined only by a weighted sum of the left
eigenvectors of the open-loop system. The weights are given by the
contribution of the modes (observability) to the state cost chosen.
In the expensive control case the LQR solution produces gains that
are nonzero only on the rate state variables. This result is true for
any undamped single-input system. The gains on the rate variables
represent the optimal combination of states to use for rate feed-
back, and thus the LQR solution is equivalent to a sophisticated rate
feedback sensor placement algorithm (although the sensor does not
have to be placed physically on the wing). In this low-gain case
the LQR solution attempts only to add damping to the system. The
results show once again that damping is best added to an initially
undamped structure by feeding back a stabilizing combination of
the rate states. As the control becomes less expensive (p decreases),
some displacement feedback will also be added.

Although the LQR controller generally provides for stable well-
regulated closed-loop systems, its performance has limitations. This
is especially true for the single-control-input case. Such restrictions
become most apparent in the limiting case of "cheap" control. Cheap
control is associated with a small control penalty and high feedback
gains. As the control weight p goes to zero, the closed-loop poles
go to the stable finite MIMO zeros of the full Hamiltonian system
if they exist,21 or otherwise to infinity along stable Butterworth
patterns. The MIMO zeros of the full Hamiltonian system are found
by calculating the zeros of

H(p) = [N<i>(-P)B]T[N4>(p)B] (9)

These zeros are referred to as transmission zeros for square (number
of measurements equals number of actuators) systems since they are
the zeros of the MIMO loop transfer function G$B. For nonsquare
systems, these zeros include both transmission zeros and "compro-
mise" zeros. Compromise zeros do not appear in the MIMO loop
transfer function.

For any system, having fewer actuators than performance vari-
ables or important modes indicates a fundamental limit on the perfor-
mance of the control system.23 This limitation is clearly illustrated
in Figs. 5 and 6, which show the movement of the LQR closed-loop
pole locations of the nominal system at design point 1 (below flutter).
The closed-loop poles are plotted for control weights that decrease
from a large value toward zero (from p = 104 to p = 10~4). As
the control weight decreases, the calculated control gain increases,
causing the poles to move away from their open-loop locations. In
producing the pole loci of Figs. 5 and 6, the gains of the closed-loop
systems are calculated using a state cost penalty that is an evenly
weighted combination of the plunge and pitch output variables nor-
malized by their maximum values. The maximum values (Table 1)
are determined from the deflection associated with a quadratic bend-
ing or linear twist distribution in a beamlike wing and a maximum
strain of 1%.

The pole locations are plotted in Fig. 5 for the cases of the four
actuators acting individually. Figure 6 shows the closed-loop pole
locations for the cases of the actuators acting in pairs (two inputs)
and all controls acting together. When only one of the four available
actuators is used, a compromise zero is found and only one pole is
able to move along a stable Butterworth pattern. Such a zero, be-
cause it does not appear in the loop transfer function, indicates that
a finite amount of state cost will persist, even when a large control
effort is used. This point will be further illustrated by the state-vs-
control-cost curves found in the following section. Notice that for
the single-input cases the induced strain bending uh and trailing-
edge flap up actuators are able to move only the plunge pole along
a stable Butterworth pattern. This indicates that these two actuators
primarily influence the plunge mode. The induced strain torsion
ua and leading-edge flap u^ actuators are able to move only the
pitch pole along a stable Butterworth pattern, indicating that these
two actuators primarily influence the pitch mode. Also notice that
the bending actuator is more effective than the trailing-edge flap
actuator (i.e., the poles are moved farther into the left half of the

-3 -2 -1
Real Axis

a) Uh control
4

'be

-1——T

J__L

-4 -3 -2 -1 0
Real Axis

b) up control
4

-4

c) ua control
4

-3 -2 -1
Real Axis

3
Cfl

I
£ 2

-4 -3 -2 -1 0
Real Axis

d) w^ control
Fig. 5 Locus of full state feedback LQR closed-loop poles as p goes
toward zero (cheap control) for four actuators acting individually.
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a) Up and u^ controls
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-4 -3 -2 -1
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b) M/, and wrt controls

-4 -3 -2 -1
Real Axis

c) Uh and w^ controls

-4 -3 -2 -1 0
Real Axis

d) all four controls

Fig. 6 Locus of full state feedback LQR closed-loop poles as p goes to
zero (cheap control) for multiple-actuator input configurations.

Laplace plane), and the torsion strain actuator is significantly more
effective than the leading-edge flap actuator. In contrast with the
single-actuator case, no compromise zeros are found when combi-
nations of two or more actuators are used (Fig. 6). In these cases,
both poles move along stable Butterworth patterns, although for a
fixed p some combinations are clearly more effective than others.

State-Versus-Control-Cost Analysis
In order to qualitatively examine the effectiveness of the four actu-

ators (bending strain actuation, torsion strain actuation, trailing-edge
flap deflection, and leading-edge flap deflection) acting individually
and in various combinations, several state-vs-control-cost analyses
are performed. The nominal section properties are taken to be those
found in Table 1, and the section is analyzed at design points 1 (be-
low flutter) and 2 (above flutter). The feedback gains are found by
solving the LQR problem with a state cost that equally penalizes the
two normalized displacement states. These states are normalized by
their maximum allowable deflection as before. Each of the controls
is also normalized by its maximum value. For the strain actuators,
the maximum control input is computed using a maximum actuation
strain of A = 600 \JLS, which is considered a conservative value.22

The maximum deflection for the trailing-edge flap is taken to be
5 deg, and the maximum leading-edge flap deflection is determined
by equating its maximum hinge moment with that of the trailing-
edge flap and is found to be about 2.5 deg. In order to determine a
finite cost, a broadband disturbance source is introduced in the form
of a 1 deg broadband variation of the free-stream airflow.

The results for design point 1 are shown in Figs. 7 and 8 in the
form of state-cost-vs-control-cost curves. Each curve represents a
different actuator configuration. In Fig. 7, curves are present for
each actuator acting individually and all four acting together, the
condition that creates the minimum state-vs-control-cost. In Fig. 8,
the cost associated with combinations of any two actuators acting
together are plotted as well as the curve for three actuators (bending
strain, torsion strain, and trailing-edge flap) and of all four actuators
acting together. The curves are derived by fixing all of the param-
eters of the problem except the control cost weighting p, which is
varied from p — 104 to p — 10~4. On these curves low control-cost
values indicate expensive control weighting (high p), low gains,
and therefore high state costs associated with large responses. High
control-cost values indicate cheap control weighting (low p), high
gains, and lower state costs associated with smaller responses. The
lower the state cost for any given control cost, the greater the effec-
tiveness of the actuator or combination of actuators.

As can be seen in Fig. 7 for single control inputs, the torsion strain
control ua is most effective in the low-gain expensive control Case,

0.00001
0.01 0.1 1 10

Control Cost
100 1000

Fig. 7 State-vs-control cost at design point 1 (below flutter) for four
actuators acting individually and all actuators acting together, x bend-
ing strain control, o torsion strain control, A trailing edge flap control,
+ leading edge flap control, —— all four controls.
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I5
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0.01

0.00001

0.001

0.0001 -

0.01 1 10

Control Cost
100 1000

Fig. 8 State-vs-control cost at design point 1 (below flutter) for variety
of multiple-input actuator combinations. — - leading edge flap and
trailing edge flap controls, - • - torsion and leading edge flap controls,
— — bending and leading edge flap controls, - - - bending trailing edge
flap controls,..... torsion and trailing edge flap controls, —— bending
and torsion strain controls, —e— bending, torsion, and trailing edge flap
controls, —x— all four controls.

whereas bending strain control uh is most effective for high-gain
cheap control. The cost curves show that the induced strain bend-
ing and torsion actuators are more effective than the conventional
control surfaces throughout the entire range of control gains. It is
also evident from the figure that the leading-edge control surface
is significantly less effective than the other actuators. Each curve
associated with a single control input is observed to flatten out or
asymptote to some finite state cost value. It is at this point that each
actuator reaches its fundamental limit in terms of ability to exert
control on the system. Note that the actuators have not saturated
but have imparted sufficient control to move one of the closed-loop
poles asymptotically near an open-loop stable finite MIMO zero of
the Hamiltonian system, as shown in Fig. 5. Since this closed-loop
pole will move no further despite larger control effort, the state-
vs-control-cost curve flattens. This is evidence of the fact that the
presence of fewer independent actuators than important degrees of
freedom in the system leads to compromise zeros21 and places a fun-
damental limitation on the degree of control that can be exerted.23

The curves associated with control schemes that utilize more than
one actuator are shown in Fig. 8 and are, in general, much more ef-
fective than the single-actuator systems.24 This is especially true
for the cheap control high-gain cases, where the improvement is
observed to be over two orders of magnitude for some configura-
tions. No fundamental performance limits are encountered in these
multiple-input control systems for which the number of actuators
(two or more) at least equals the number of degrees of freedom in the
system. The state costs associated with the multiple-actuator sys-
tems are shown to decrease in Fig. 8 as the control effort is increased
throughout the entire range of control gains. As the gains increase,
the system closed-loop poles move outward along the stable But-
terworth patterns, typified by the pairs shown in Fig. 6. The rate at
which these poles move in the complex plane is directly related to
the effectiveness of the multiple-actuator system in question.

Figure 8 shows that the combination of the bending and tor-
sion strain actuators and the combination of the trailing edge flap
and torsion strain actuators provide the best performance. These
actuator combinations, bending and torsion strain or trailing-edge
flap and torsion strain, are found to be effective because they com-
bine an actuator that effectively controls plunge (bending strain or
trailing-edge flap) with one that effectively controls torsion. In con-
trast, the bending strain and trailing-edge flap actuator combination
is much less effective since both actuators tend to control only the
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Fig. 9 State-vs-control cost at design point 2 (above flutter) for actua-
tors acting individually and in multiple-input combinations. X bending
strain control, o torsion strain control, A trailing edge flap control,
- - - bending and trailing edge flap controls, . . . . . torsion and trail-
ing edge flap controls, —— bending and torsion strain controls, —&—
bending, torsion and trailing edge flap controls.

bending force on the wing and have little influence on the torsional
moment. Figure 8 also shows that the combination of "conventional"
aerodynamic surfaces, leading-edge flap and trailing-edge flap, are
the least effective actuator pair. In fact, all of the curves associated
with the leading-edge flap exhibit poor performance. The pairs that
include the leading-edge flap do not provide much more control per-
formance than that given by the other actuators acting alone. The
curves show that only after reaching the single-actuator asymptote
does the presence of the leading-edge flap allow for more control
to be effected. Finally, it is observed that the performance obtained
using three actuators and all four actuators is only marginally bet-
ter than that obtained using either the bending and torsion strain
actuator combination or the trailing-edge flap and torsion strain ac-
tuator combination. This is because there are only two modes to be
controlled and these two combinations of actuators can effectively
control both modes. Therefore, little additional benefit is obtained
when more actuators are used than modes important to the problem.

Figure 9 shows similar results for individual actuators and sev-
eral combinations of actuators at design point 2 (above flutter). The
strain actuators once again are more effective than the conventional
control surfaces. The bending and torsion strain actuators are the
most effective, whereas the leading-edge actuator provides only very
small amounts of control and is not plotted in the figure. As with
design point 1 (below flutter), actuator combinations are more ef-
fective than single-actuator control schemes, with the combination
of bending and torsion strain actuation or torsion strain and trailing-
edge flap actuation being most effective. Also notice the vertical
low-gain asymptotes in Fig. 9. Unlike the systems in Figs. 7 and 8
(below flutter), which have finite state cost for infinitesimal gains,
the systems of Fig. 9 (above flutter) are initially unstable, and the
low-gain asymptotes shown in the figure are associated with the
minimum amount of control required to stabilize each system.

Conclusions
A typical section model was analyzed to provide the tools neces-

sary for understanding the fundamental mechanisms and limitations
involved in aeroelastic control and for comparing alternative control
methods. It was found that both the poles and zeros of the individual
SISO transfer functions moved rapidly with air speed and that the
zeros were often in undesirable locations for effecting SISO control,
including being non-minimum phase. It was also found that simple
gain feedback of the state variables would not stabilize the systems
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considered and that it was necessary to use some combination of the
rate states in order to achieve a stable feedback loop.

Stable feedback loops were found using sensor placement tech-
niques and the solution to the LQR problem. For the limiting case of
low-gain expensive control, the LQR solution was found to yield a
solution similar to that of sensor placement but was not restricted to
gain ratios that corresponded to physical sensor locations. To avoid
the fundamental control limitations imposed by using fewer actu-
ators than important modes, at least as many control actuators as
important modes should be utilized.

The state-vs-control-cost comparisons demonstrated that strain
actuation is an effective means of controlling aeroelastic systems
and a viable alternative to conventional articulated control surfaces.
Either bending or torsion strain actuation is as effective alone as
trailing-edge flap actuation and much more effective than leading-
edge flap actuation. Thus, only by incorporating strain actuation
can an effective second actuator be added to the system and true
high-gain performance achieved.
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